We study the phase transition in gauge-Higgs unification at finite temperature. In particular, we obtain the strong first order electroweak phase transition for a simple matter content yielding the correct order of Higgs mass at zero temperature. Two stage phase transition is found for a particular matter content, which is the strong first order at each stage. We further study supersymmetric gauge models with the Scherk-Schwarz supersymmetry breaking. We again observe the first order electroweak phase transition and multi stage phase transition.
Introduction
There has been paid much attention to the scenario of gauge-Higgs unification [1] [2] for the possibility to solve the gauge hierarchy problem without supersymmetry (SUSY). In this scenario, Higgs fields are regarded as extra components in the original gauge field. The higher dimensional local gauge invariance ensures that the Higgs field is strictly massless. If spatial coordinates are compactified, then the extra component gauge field behaves as the scalar field at low energies. And the scalar field can develop the vacuum expectation values (VEV) through the dynamics of the Wilson line phases, which is called as the Hosotani mechanism [3] .
The dynamics of the Wilson line phases has been studied from various points of view [4] . In particular, an attempt to identify the Wilson line degrees of freedom with the Higgs scalar in the standard model (or in the minimal SUSY standard model) has been explored. Since the mass of the Higgs scalar in the gauge-Higgs unification is calculable, insensitive to the ultraviolet physics 3 and is generated by quantum corrections through the Coleman-Weinberg mechanism [6] , so that it is natural to expect that the Higgs mass is light, at most, the order of the gauge boson mass. The general analyses have been made in refs. [7] [8] and pointed out that the Higgs mass can be as heavy as possible to satisfy the present experimental lower bound of the Higgs mass. The scenario is one of the promising possibility beyond the standard model even though there are many issues that should be studied such as the fermion mass hierarchy problem.
The dynamics of the Wilson line phases is essentially the Coleman-Weinberg mechanism, so that the transition at finite temperature is expected to be the first order [9] . In fact, the authors of ref. [10] extensively studied the nature of the phase transition of the gauge-Higgs unification at finite temperature and investigated the origin of the first order phase transition. They have explicitly demonstrated the first order phase transition in certain models [11] and shown that the lighter Higgs mass gives us the stronger first order phase transition. The strong first order phase transition is favored from a point of view of the scenario of the electroweak baryogenesis [12] .
In this paper we study the gauge-Higgs unification at finite temperature in other models, including supersymmetric gauge models, which are different from the ones studied in ref. [10] . In our model, there is no need to introduce massive fields, and the matter content is very simple. We do not consider matter fields belonging to the higher dimensional representation under the gauge group except the adjoint one. In this matter content, the mass of the Higgs scalar can be consistent with the experimental lower bound. We obtain that the phase transition is the first order and find that the transition is so strong as to satisfy the necessary condition for the electroweak baryogenesis. We also observe the tendency that heavier the Higgs mass becomes, weaker the first order phase transition is. We calculate the critical temperature at which the two degenerate vacua appear and estimate how strong the phase transition is in our models. We also find an interesting phenomena for a certain matter content even in the the gauge-Higgs unification at finite temperature. There are two stage phase transitions, which has also been observed in the four dimensional SUSY model at finite temperature [13] . In our model at the first critical temperature, the vacuum with the SU(2) × U(1) gauge symmetry is degenerate with that respecting the U(1) ′ × U(1) gauge symmetry.
Decreasing the temperature further, at the second critical temperature, the vacuum with the U(1) ′ × U(1) gauge symmetry is degenerate with the vacuum with the U(1) em gauge symmetry. Both phase transitions are the first order at each phase transition. We also analyze the strength of the phase transition at each critical temperature. We also study SUSY models with the Scherk-Schwarz SUSY breaking [14] at finite temperature. We again find the phase transition to be very strong first order, which is favored from the electroweak baryogenesis. The relevant quantity to measure the strength of the phase transition is also evaluated. We also find multi (four in our case) phase transition in the SUSY model with a particular matter content. Except for the first phase transition where the vacua with the SU(2) × U(1) gauge symmetry and the U(1) em gauge symmetry are degenerate at the critical temperature, all of these vacua respect the U(1) em gauge symmetry are degenerate in the rest of the three phase transitions.
In the next section, we investigate the behavior of the effective potential for the Wilson line phases at finite temperature in our model and show that the phase transition is the first order. Then, we estimate the critical temperature and the strength of the phase transition. The phase transition is found to be very strong and provides us an interesting possibility for the electroweak baryogenesis. In section 3, we study the case of SUSY gauge models with the Scherk-Schwarz SUSY breaking and study the effective potential for the Wilson line phases at finite temperature. For a particular matter content, we find multi phase transition, four stages phase transitions in our case, in which the phase transition is the first order. The final section is devoted to conclusions and discussions. When one studies the gauge theory on the space time with boundaries, one needs to specify boundary conditions of fields for the compactified direction. The boundary condition for the Euclidean time direction is determined by quantum statistics, so that one uniquely assigns the (anti-)periodic boundary condition for (fermions)bosons, 4 while for the orbifold S 1 /Z 2 , we must specify the boundary condition on the two fixed points of the orbifold, y = 0 and y = πR in addition to the S 1 direction. We define that
where
and z 0 = 0, z 1 = πR. The minus sign for A y is needed to preserve the gauge invariance under these transformations. Since a transformation πR + y → πR − y must be the same as a transformation πR + y → −(πR + y) → πR − y, we obtain that
Hereafter, we consider P i is more fundamental quantity than U.
The orbifolding boundary conditions P i determine the gauge symmetry breaking patterns at the tree level. In this paper, we start with an SU(3) gauge group and choose P 0 = P 1 = diag. Then, the zero mode,
transforms as an SU (2) doublet, so that we can regard Φ as a Higgs doublet. We see that the degrees of freedom of the Higgs doublet is embedded in the zero mode part of A y .
This is the idea of the gauge-Higgs unification. We paramerize A y , utilizing the SU(2) × U(1) degrees of freedom, as
where g 4 ≡ g/ √ 2πR and a is a real parameter. The parameter a is related with the Wilson line phases,
We observe that, depending on the values of a, the gauge symmetry breaking patterns are different, and in order to obtain the correct pattern of electroweak symmetry breaking, one needs the fractional values of a. As we will see later, the values of a is determined dynamically through the dynamics of the Wilson line phases by minimizing the effective potential for the phase a. Now, let us introduce fermions belonging to the adjoint (fundamental) representation under the gauge group SU(3) and denote their flavor number by N
, where the sign (±) stands for the intrinsic parity defined in refs. [16] [7] . Similarly,
the flavor number for bosons belonging to corresponding representations
Following the standard prescription [3] , it is straightforward to calculate the zero temperature part of the effective potential for the Wilson line phase a (corresponding to the background field (5)),
where we have assumed the adjoint scalar is real and r is 1 2
) for Majorana (MajoranaWeyl fermion). We have ignored the irrelevant a-independent terms in Eq. (7). Let us briefly present the main results of the reference [7] . We set D = 5, which is implicitly assumed throughout this paper. For the flavor number chosen as
the minimum of the effective potential (7) is dynamically determined to be a 0 ≃ 0.0583, so that the SU(2) × U(1) correctly breaks down to U(1) em . The Higgs mass, which is obtained by the second derivative of the effective potential evaluated at the minimum, is calculated as
In the scenario of the gauge-Higgs unification, we notice an important relation,
which has been used in Eq.(9).
Let us now consider the finite temperature part and study the phase transition of the model with the matter content (8) . Following the standard prescription of the finite temperature field theories [17] [18], the finite temperature part of the effective potential is obtained as
where we have ignored the irrelevant constant. The total effective potential we study is given by
It is useful to introduce a dimensionless quantity z ≡ RT for numerical studies. We also note that the total effective potential is invariant under a → −a and a → 2 − a, which implies that it is enough to consider the region given by 0 ≤ a ≤ 1.
For the matter content given by Eq. (8), we study the behavior of the effective potential with respect to the various values of z. Figure 1 tells us that the phase transition is the first order. The critical temperature T c , at which the two degenerate vacua appear, is numerically obtained as
which gives the critical temperature
where we have used the relation (10). (8) is drawn with respect to z ≡ RT , where
When one discusses the electroweak baryogenesis, the strength of the phase transition at finite temperature is crucial to satisfy the famous Zakharov's conditions. Namely, the strong first order phases transition is required to decouple the sphaleron process to leave the generated baryon. The relevant quantity we examine is v(T c )/T c and should be larger than the unity, which is calculated as
where a should observe that the light Higgs mass (small g 4 ) tends to make the phase transition stronger, which is consistent with the results obtained in ref. [10] .
Next, we study the phase transition for other gauge symmetry breaking patterns determined by the values of a. This study is important to understand aspects and nature of the phase transition in the gauge-Higgs unification at finite temperature.
Let us choose the following extremely simplified matter content as where the system corresponds to the gauge theory coupled to only the fundamental fermions. By numerical studies, we find the VEV, a 0 at the minimum of the effective potential (7) is given by
From Eq. (6), we see that the unbroken gauge symmetry is U(1) 
Taking the temperature effect into account, we can see again from Fig. 2 that the phase transition is the first order. The behavior of the effective potential is quite different from that of the previous example. Contrary to the previous case, the local minimum for T ≥ T c is always located as a T ≥Tc 0 = 1.0. The critical temperature, at which the vacua with the SU(2) × U(1) gauge symmetry and the U(1) ′ × U(1) gauge symmetry are degenerate, is given by
We calculate the relevant quantity to see how strong the phase transition is as
We observe again the strong first order phase transition, and the mass of the scalar respecting the U(1) ′ × U(1) gauge symmetry is very light, as shown in Eq. (19) .
Let us finally consider the case where we introduce only the adjoint fermions instead of the fundamental one, At zero temperature, the gauge symmetry correctly breaks down to U(1) em , and the VEV is given by
for which the Higgs mass is calculated as
The Higgs boson is too light to be consistent with the present experimental lower bound.
This, however, implies the very strong first order phase transition, as pointed out in ref. [10] . In order to see this property, let us turn on the temperature effects. We unexpectedly observe interesting phase transition patterns for the matter content (22). There are two stage phase transitions as the temperature decreases.
6
The first transition occurs at z ⋆ 1 ≃ 0.1786, so that the critical temperature is
where we have used (10) . At this critical temperature, there appear two degenerate vacua, that is, the vacua with the SU(2) × U(1) gauge symmetry and the U(1) ′ × U(1) gauge symmetry (see figure 3) . The phase transition is the first order and the strength of the phase transition is obtained as
where 6 The two phase transition patterns have been observed in the next to SUSY standard model ref. [13] . In the next section, we will also see a multi phase transition in other SUSY models. Let us note that, as before, the local minimum of the effective potential even at nonzero temperature is always located at a
As the temperature decreases further, the second phase transition occurs at
at which the vacua with the U(1) ′ ×U(1) gauge symmetry and the U(1) em gauge symmetry are degenerate (see figure 4) . We obtain the strength of the phase transition in this case
where ∆a T 0 ≃ 1.0 − 0.666667. Let us also note that the local minima of the effective potential is again always located at a T <T 2c 0 ≃ 0.6667, which is the global minimum of the zero temperature part of the effective potential. This type of two stage phase transitions has never been observed in the scenario of the gauge-Higgs unification at finite temperature, and it is very interesting to consider physical applications of this type of the phase transition. We will see multi phase transition in the case of supersymmetric gauge models in the next section.
It has been known that fermions and/or the fermion belonging to the higher dimensional represenation, in general, tend to weaken the first order phase transition [17] . Here we confirm the statement is true from Eqs.(21), (26) and (29).
Before closing this section, we would like to mention the difference between the work by Panico and Serone [10] and ours. In their paper, a similar SU(3) gauge model of gaugeHiggs unification at finite temperature was investigated and the first order electroweak phase transitions were obtained. In their model, in order to obtain the viable Higgs mass, two options were discussed, one is to introduce the bulk fields in the higher rank representation under SU(3) gauge group (i.e. symmetric tensor), the other is to introduce localized gauge kinetic terms. However, the strength of the first order phase transition is at most v(T c )/T c ≃ 0.13(0.7) for the former(latter) option. On the other hand, as discussed in the text, there is no need to introduce bulk fields in the higher rank representation except for the adjoint one in our model. Furthermore, the strength of the phase transition is stronger (larger than the unity). Thus, we can conclude that our model is more favorable from the viewpoint of the application to the electroweak baryogenesis.
Supersymmetric gauge models
In this section, let us proceed to supersymmetric gauge models. We first study the phase transition for the the model considered in ref. [8] . As before, the degrees of freedom for the Wilson line phase is given by the parameter a in Eq.(6). The effective potential for the phase at T = 0 is given by
where β is the Scherk-Schwarz (SS) parameter which explicitly breaks supersymmmetry by the boundary condition for the S 1 direction for the gaugino and squarks in the supermultiplet [14] . As we can see, β = 0 (mod 1) yields the vanishing effective potential due to the recovery of the original supersymmetry. Let us choose the flavor number and the SS parameter as
In ref. [8] , it has been shown that for the choice (31), the electroweak gauge symmetry is correctly broken, and the VEV is given by
The Higgs mass is obtained as
We next consider the finite temperature effects. The effective potential at T = 0 is calculated as 
where we have defined
We observe that even if the SS parameter is zero we obtain the nonvanishing effective potential at the finite temperature due to the difference of statistics between bosons and fermions. The total effective potential we study is, then, given by
Let us note that V tot SU SY (a) is invariant under a → −a and a → 2 − a, which means that it is enough to consider the region 0 ≤ a ≤ 1 7 .
In Figure 5 , we show the behavior of V tot SU SY (a) for various values of z ≡ RT . Clearly, one can see that the phase transition is the first order, and the critical temperature, at which the two degenerate vacua appear, is given by
where we have used (10) . The relevant quantity to measure the strength of the phase transition is calculated as 
The minimum of the effective potential at zero temperature is given by the VEV
for which the SU(2) × U(1) gauge symmetry is broken to U(1) ′ × U(1). The mass of the scalar that respects the residual gauge symmetry is calculated as
We see from Fig.5 that the phase transitions is the first order, and the critical temperature is calculated as
Similar to the nonsupersymmetric case with the matter content (17) , the local minimum of the effective potential before T ≥ T c is always given by a T ≥Tc 0 = 1.0. We next estimate the relevant quantity for the electroweak baryogenesis,
where we have used a Finally, let us consider the matter content with only adjoint representations,
The minimum of the effective potential V T =0 SU SY is given by the VEV
and thus we have the correct pattern of electroweak symmetry breaking. The Higgs mass in this case is found to be very light as
The phase structure at finite temperature is unexpectedly rich. There is a multi phase transition, in fact, we have four stages phase transitions for the matter content (46). It is too complicated to draw the behavior of the effective potential. Instead, let us show the behavior of the VEV, a T =0 0 in figure 7. Let us note that at the first phase transition, the vacua with the SU(2) × U(1) gauge symmetry and the U(1) em gauge symmetry is degenerate, but at the other three phase transitions, the vacua with the U(1) em are degenerate each other. The critical temperature is obtained as 
where we have used (10) . We also estimate the strength of each phase transition, which is given by ∼ 4) . We see that except for the second phase transition, the phase transitions are the strong first order. It is interesting to consider the application of the multi phase transition.
Conclusions
We have studied the phase transition in gauge-Higgs unification at finite temperature in a certain class of gauge models, including supersymmetric ones. Since the dynamics of the gauge-Higgs unification is essentially the Coleman-Weinberg mechanism, the phase transition is strongly expected to be the first order. We have, in fact, observed that the phase transition is the first order, and the strength becomes stronger as the Higgs mass becomes lighter in models under consideration.
We have also found an interesting phase transition patterns, which has never been reported in the theory of the gauge-Higgs unification for an SU(3) gauge theory with only adjoint fermions. There have been two stage phase transitions characterized by the two critical temperatures T 1c and T 2c . At each critical temperature, it is turned out that the phase transition is the first order. The vacua with the SU(2) × U(1) gauge symmetry and the U(1) ′ ×U(1) gauge symmetry are degenerate at T = T c1 , while at T = T 2c (< T 1c ), the vacua with the U(1) ′ ×U(1) symmetry and the U(1) em gauge symmetry are degenerate.
It is interesting to consider if there are applications of these two stage phase transitions.
We have also studied supersymmetric gauge models with the Scherk-Schwarz supersymmetry breaking. We have found that the phase transition is strongly the first order for the simple matter content (31) which provides with the correct pattern of electroweak symmetry breaking and the Higgs mass of the correct order of magnitude. We have also studied the phase transition for the matter content with supermultiplets only in the fundamental representation (41) and only in the adjoint representation (46). We have found the same phase transition pattern as the case for non-SUSY gauge model with the corresponding matter content (17) for the matter content (41). On the other hand, for the matter content (46), we have obtained the multi phase (four in the case) transitions.
Contrary to the non-SUSY models, we have a free parameter in SUSY models, the SS parameter β in addition to the number of flavors. In ref. [8] it has been pointed out that the magnitude of β affects the size of the Higgs mass, so that it is very interesting to study how the strength of the phase transition depends on the SS parameter. This will be reported in a separated paper. Finally, in order to understand the phase structure of the theory of gauge-Higgs unification more deeply, it is necessary to study the effect of chemical potential µ [19] . If we introduce the chemical potential for a fermion, for example, the effective potential for the fermion is modified as (1) for matter belonging to the fundamental (adjoint) representations under the SU(3) gauge group and δ takes +1 or −1, depending on the intrinsic parity. Since this potential is very complicated, we are particularly interested in the behavior of the effective potential in the limit of T → 0. This work is in progress, and we hope that interesting results will be soon reported elsewhere.
